Abstract: In many real applications, the distribution of measurement error could vary with each subject or even with each observation so the errors are heteroscedastic. In this paper, we propose a fast algorithm using a simulation-extrapolation (SIMEX) method to recover the unknown density in the case of heteroscedastic contamination. We show the consistency of the estimator and obtain its asymptotic variance and then address the practical selection of the smoothing parameter. We demonstrate that, through a finite sample simulation study, the proposed method performs better than the Fourier-type deconvolution method in terms of integrated squared error criterion. Finally, a real data application is conducted to illustrate the use of the method.
Introduction
A fundamental problem in measurement error models is to recover an unknown density of a variable when its observed values or data are contaminated with errors. The ever increasing interest in the problem comes from an increased number of medical and financial studies in which variables are observed with measurement errors or are only partial available. Formally, let X be the variable of interest, which we cannot observe directly. Instead, based on an observed sample Y 1 , · · · , Y n drawn independently from
where the measurement error U is independent of X. One is interested in estimating the unknown density function of X. The distribution of U is typically assumed known or can be estimated separately.
Denote the density functions of X, U and Y by f X , f U and f Y , and their characteristic functions by ϕ X , ϕ U and ϕ Y , respectively. If the measurement errors are ignored, then a naive estimator of f X (x) is the ordinary kernel estimate,
where K h (x) = K(x/h)/h, K(·) is a symmetric probability kernel with a finite variance x 2 K(x) < ∞. It is clear thatf X,naive (x) is a biased estimator of f X (x) with E(f X,naive (x)) = f X * f U (x), where " * " denotes convolution. Hence, finding a consistent estimator of f X (x) requires deconvoluting the density of measurement errors f U (x). The usual deconvolution procedure is to apply a Fourier inversion on ϕ X (t):
Of course, ϕ Y in (3), if unknown, needs to be estimated. Indeed, substituting ϕ Y (t) in ( 
where
is called the deconvoluting kernel. Observe that the deconvoluting kernel estimate in (4) is just an ordinary kernel estimate but with a specific kernel function in (5) . We call any estimator of f X (x) that requires a Fourier inversion or transformation a Fourier-type estimator.
There has been substantial literature on the Fourier-type deconvoluting kernel estimators. See, for instance, [21] , [1] , [15] , [10] , [9] , [26] , [5] and [25] . The difficulty with a deconvolution problem depends heavily on the smoothness of the error density f U . Fan [10] characterized two types of error distributions: ordinary smooth and super-smooth distributions. Examples of the ordinary smooth distribution include gamma, symmetric gamma and Laplacian distributions; examples of the super-smooth distribution include normal, mixture normal and Cauchy distributions. The convergence rate of a DKE is very slow in the case of a super-smooth error distribution. For example, when U is normally distributed, the convergence rate is only at O (log n) −1/2 [27; 10]. Further, in many real applications, the distribution of measurement error could vary with each subject or even with each observation so the errors are heteroscedastic. Consideration of heteroscedastic errors can be traced back at least to Fuller [12] (chapter 3) in 1987, in a special case of linear regression, where predictor are measured with error. In a recent book, Carroll et al. [3] discussed systematically the state of art in measurement error models including the nonlinear regression with heteroscedastic error in variables. Delaigle and Meister [8] proposed an adjusted Fourier deconvolution estimator for the density estimation with heteroscedastic errors. They also applied the adjusted method to the nonparametric regression problem [7] . Staudenmayer et al. [20] considered a different type of model where the observed data are the sample means of replicates contaminated with heteroscedastic errors. They presented a spline-based density estimation method using a Monte Carlo Markov chain and a random-walk Metropolis-Hastings algorithm. Sun et al. [24] proposed new non-Fourier estimators for density function when errors are homoscedastic or heteroscedastic but uniformly distributed. The new estimators abandon the characteristic functions -there are no Fourier transformations needed in the calculation.
In this paper, we provide a new density estimation procedure for data contaminated with additive and heteroscedastic Gaussian measurement error ( §2), without using a Fourier transform. Our resulting estimator is a "variable bandwidth type" kernel estimator, adopting the simulation-extrapolation (SIMEX) idea [22] , though the simulation step in the original SIMEX algorithm is bypassed in our procedure. It is asymptotically unbiased and consistent (Proposition 2.1). The practical selection of the smoothing parameter is addressed in §3. Our estimator is computationally faster than the Fourier-type KDE proposed by [8] . It also has a competitive and often smaller integrated squared error than the DKE does ( §4). An application to an astronomy data set using the both our method and the KDE method is given in §5. The article ends with concluding remarks in §6. The proof of Proposition 1 is in the Appendix.
Estimation procedure and asymptotics
SIMEX, first proposed by Cook and Stefanski [4] , is a "jackknife"-type biasadjusted method that has been widely applied in regression problems with measurement error. Cook and Stefanski [4; 23] applied the SIMEX algorithm to parametric regression problems. Carroll et al. [2] ; Staudenmayer and Ruppert [19] discussed the nonparametric regression in the presence of measurement error using SIMEX method. Stefanski and Bay [22] focused on SIMEX estimation of a finite population cumulative distribution function (rather than a density) when sample units are measured with error. For a more complete discussion of the subject of SIMEX see the monograph by [3] .
The key idea underlying SIMEX is the fact that the effect of measurement error on an estimator can be determined experimentally via simulation. SIMEX methods in both parametric and nonparametric regression consist of two steps: a simulation step and an extrapolation step. In the simulation step, additional independent measurement errors with known variance (typically denoted by λσ 2 U , where λ is a parameter to control the amount of added measurement errors) are generated and added to the original data, thereby creating "pseudo" data sets with successively larger measurement error variances. So, the total measurement error variance is then (1 + λ s )σ 2 U for the sth pseudo data set. The "pseudo estimators" are obtained from each of the generated "pseudo" data sets. The above simulation and estimation are repeated a large number of times, and the average value of the estimators for each level of contamination is calculated. Then, in the extrapolation step, a regression technique, such as, nonlinear least squares, is used to fit the trend between the pseudo estimators and the controlling parameter λ of the added errors. At last, extrapolation to the ideal case of no measurement error (i.e. λ = −1) yields the SIMEX estimator.
To investigate a SIMEX algorithm on density estimation for data contaminated with errors, we consider a general heteroscedastic measurement error model. We generalize model (1) to
where j = 1, · · · , n, X j ∼ f X and U j ∼ f Uj . Since the normal distribution is frequently used in applications, we will focus on the typical super-smooth heteroscedastic error case:
Hence, f Uj is completely specified if σ j is. Clearly, if σ 1 = · · · = σ n = σ, errors are homoscedastic; otherwise, errors are heteroscedastic. Note that the homoscedastic model is just a special case of the heteroscedastic model.
Under the model setting (6), we now consider estimating the unknown density function f X (t) at a given t. By the general simulation extrapolation algorithm, estimators are re-computed on a large number m of measurement error-inflated pseudo data sets, {Ỹ jr (λ)} n j=1 , wherẽ
U jr are independent, pseudo-random variables with density f Uj , and λ 0 is a constant controlling the amount of added error. The conventional kernel estimator of the density function from the rth varianceinflated data isĝ
By the SIMEX algorithm, the simulation and estimation steps are repeated a large number of times, and the average value of the estimators for each level of contamination is calculated.
Note that by the law of large number,
a.s.
Therefore, the simulation step can be bypassed in our SIMEX algorithm for density estimation. The above derivation of (8) is similar to for the cumulative distribution function estimation by [22] . We use g * in (8) to replace g in (7) in our estimation,ĝ * (t, λ) = 1 n
We then calculate the quantity in (8) for a pre-determined sequence of λ, i.e. 0 ≤ λ 1 < λ 2 < · · · < λ s . The success of SIMEX technique depends on the assumption that the expectation ofĝ * is well-approximated by a nonlinear function of λ. Here we consider a standard quadratic function of λ,
Our SIMEX estimator for the unknown density f without measurement error then can be obtained by the extrapolation step, i.e. letting λ → −1
Next, we can rewrite the SIMEX estimator in the form of
The following proposition shows that our SIMEX estimator (10) is an asymptotically unbiased estimator for the unknown density f X . 
with the lm th element equals
The proof of this proposition is given in the Appendix. Remark 2.1. It can be consistently estimated by replacing f X (t) withf X,SIMEX (t) in the above formula. The asymptotic variance off X,SIMEX (t) equals the variance of a kernel estimator of f (t) with adaptive bandwidth, multiplied by a constant which is not dependent on the random sample but the selected values of Λ. This fact enables us to choose an extrapolant that minimizes the asymptotic variance. The asymptotic normality of the SIMEX estimator is easily seen from the structure of the proposed SIMEX estimator. The confidence interval can be obtained correspondingly.
Remark 2.2. The asymptotics of the proposed estimator is based on the assumption that the polynomial extrapolant is exact. This is a typical assumption of SIMEX methods (see for example [2] ), although it is difficult to verify it in real data analysis. We will show, in the simulation study, it is a reasonable even for complex models. Remark 2.3. It is possible that the SIMEX density estimate takes negative values in small or sparse data regions, especially at tail regions. This behavior is common in many classes of kernel methods, such as wavelet density estimator, sinc kernel estimator, and spline estimator. This disadvantage will not affect the global performance of our estimate. A simple correction of our SIMEX estimator isf * X,SIMEX (t) = max{f X,SIMEX (t), 0}.
Choice of the smoothing parameter
Our SIMEX estimator in (8) has the form of variable-bandwidth kernel estimator [14; 13] , where σ j λ 1/2 plays the role of the variable-bandwidth in the estimator. Thus, λ can be considered as a smoothing parameter that determines the smoothness of the SIMEX estimating function. Our proposed SIMEX procedure requires specification of 0 ≤ λ 1 < λ 2 < · · · < λ s . The experience from our large simulation studies suggests that the choice of s is not critical, neither is that of λ s if λ 1 is determined. A typical choice is taking s = 50, λ s = λ 1 + 3 and λ 2 , · · · , λ s−1 are equally spaced points in (λ 1 , λ s ). We propose two methods to select λ 1 here: one minimizes the mean integral squared error (MISE) and another is similar to the Silverman's rule-of-thumb method [18] .
Based on Proposition 2.1, the MISE of the SIMEX density estimator, which depends on the parameter λ, is
Since only λ 1 is critical to the MISE of the SIMEX estimator, we propose to choose the parameter λ 1 and hence the bandwidth of the estimator through the minimization of c(Λ)Σ Λ c(Λ) T . Another method to select the bandwidth is a type of rule-of-thumb method. For example, the bandwidth of a kernel density estimator iŝ
25n] is the inter-quartile range. Silverman's rule of thumb [18] uses factor a 0 = 0.9, while Scott [17] suggested using a 0 = 1.06. In the rest of the paper we use a 0 = 1.06.
From the equation (8),
plays the role of a variable-bandwidth in our estimator, based on the measurement error-inflated pseudo data setsỸ (λ 1 ). In order to determinateλ 1,rot we set:
where we choose c 0 = σ 2 Y +σ 2 U /σ Y andσ U is the average of heteroscedastic standard deviation of measurement errors, i.e.σ U = n j=1 σ j /n. So,
Simulation study
In this section, the finite sample performance of the proposed SIMEX estimate is investigated via a simulation study. Our study involves the following three densities, representing typical features that can be encountered in practice:
, a normal mixture that is bimodal.
To assess the quality of a density estimator, we consider its integrated squared error (ISE) to the true density f :
The means and their standard errors of the ISEs of our SIMEX estimate, Fouriertype DKE, the naive estimate as well as the estimate obtained by using uncontaminated X are compared below under the three typical distributions above for samples of sizes 50, 100, 250, and 1000, respectively. Figures of estimated curves below provide detailed pictures of the estimates in the entire domain of X. We have carried out more extensive simulation experiments by considering more complex target densities and other selections of the error variances than we can present here. Fortunately, all simulation experiments showed similar conclusions about the performance of the SIMEX estimator. All algorithms and simulations were implemented in R/Splus. Full results of the simulation study and R functions can be obtained from the authors upon request.
The case of homoscedastic errors
From each case of the densities, 1000 samples of size n = 50, 100, 250, and 1000 were generated, each of which was then contaminated by a sample from a normal density of N (0, σ 2 U ). For each configuration, the parameter σ U was chosen equal to 0.2, 0.4, 0.6, 0.8, respectively.
Choice of bandwidth.
From the studies of DKE, it is known that the kernel should be selected among densities whose characteristic function has a compact and symmetric support [11; 26; 5] . The use of such kernels guarantees the existence of the density estimator of (4). The most common example of such a kernel is given by the second-order kernel characteristic function
This was the kernel we used in our simulation.
Choice of bandwidth. Since, Delaigle and Gijbels [6] showed that an appropriately chosen plug-in asymptotical bandwidth selector performed better than a cross-validated bandwidth selector and other bandwidth selectors, we therefore used the plug-in asymptotical bandwidtĥ
following [11; 6] , where c 0 = 1.05 in our simulation.
Results are shown in Table 1 , in which entries without parentheses are the means and entries with parentheses are the standard errors of ISEs from our simulations of size 1000. The SIMEX estimate performs uniformly better than the DKE in terms of the ISE criterion. When the sample size increases, the means of ISEs of both the SIMEX estimate and the DKE get closer to the means of ISEs of kernel estimate of uncontaminated sample. The SIMEX estimate works beautifully for the cases of the moderate sample size and the large error variance. The standard errors of both the SIMEX estimate and the DKE are in the reasonable range.
[ Table 1 about here.] Figure 1 shows an example of deconvolution density estimation for the case of the homoscedastic measurement errors. X is generated from N (0, 1) and two levels of errors σ U = 0.2 and σ U = 0.8 and four levels of sample size, n = 50, 100, 250, and 1000 are considered in our study. In the figure, solid line denotes kernel estimate by uncontaminated sample X; dashed line denotes estimate by SIMEX method; dotted line denotes estimate by DKE method. Both the SIMEX and DKE methods recover the modes and capture the shape of true densities for the large sample sizes accurately. However, the DKE method is not stable when the sample size become smaller. With the small error variance (the sub-plot (a)), the DKE method shows wiggly curves for the small and modest sample sizes. This is due to the selection of the support kernel. A similar situation was also noted by [11] . A careful selection of the kernel function of DKE may improve the results. With the cases of the large error variance and/or small sample sizes, the DKE tends to underestimate the peaks while SIMEX works better.
[ Figure 1 about here.] 
The case of heteroscedastic errors
In the case of heteroscedastic errors, measurement errors were generated from N (0, σ 2 j ), where σ j (j = 1, · · · , n) were generated from a uniform distribution, U (a, b). (a, b) was chosen to be (0.2, 0.4), (0.4, 0.6), (0.6, 0.8), (0.8, 1) , respectively. Due to the heavy computational burden of the Fourier-type method for the case of heteroscedastic errors, we considered a simulation study of size 500 rather than 1000 for each of the cases under sample sizes n= 50, 100, 250, and 1000, respectively. It took about several hours to finish a single case study using the Delaigle and Meister's Fourier-type method while our SIMEX procedure only took a few minutes to finish it. Of course, more efficient algorithm may be developed to speed up the computation of a Fourier-type estimate, but that was not our objective. Our simulation study of size 500 was already informative in comparing the performance of the SIMEX procedure and the Fourier-type procedure as shown in Table 2 and Figures 2 and 3 .
The Fourier-type estimate we compared with was Delaigle and Meister's adjusted Fourier estimate for the density estimation with heteroscedastic error [8] . Their adjust estimator can be written as a form of a kernel density estimator,
. Table 2 shows the means and the standard errors of ISEs of the SIMEX estimate, Delaigle and Meister's Fourier-type estimate, the naive estimate and the standard kernel estimate based on uncontaminated data from 500 simulated samples for different cases. Similarly to the case of homoscedastic errors, the simulation results show that the SIMEX method performs uniformly better than the adjust DKE method in terms of the ISE. Comparing with Table 1 , we find that the means and standard errors in the case of heteroscedastic errors are slightly larger than those in the case of homoscedastic errors. The results are not unexpected because heteroscedasticity of measurement errors brings more uncertainty and variation in the estimation than the homoscedastic errors.
[ Table 2 8, 1 ). The SIMEX estimates are closer than the true densities than the adjust DKE estimates do, especially at peaks and valleys. Despite the complex models, we see that the SIMEX estimate performs quite well in recovering the true densities and they are even competitive to the kernel estimate that are based on uncontaminated data.
[ Figure 2 
A real data application
Our research was motivated with a real data analysis for astronomical data measured with errors. It is known that most astronomical data come with information subject to measurement errors. Sun et al. [24] gave an excellent introduction on the motivation of the measurement error problems in astronomy. Studying the distribution of one-dimensional velocities of stars originating in a given galaxy is of interest in astronomy. In this section, we illustrate our proposed method with an application to the astronomical position-velocity data in [16] from a sample of 26 low surfaces brightness (LSB) galaxies. The data contain 510 observed velocities of stars in km/s (relative to center, corrected for inclination) from 26 LSB galaxies. Each of observations includes its estimated standard deviation of measurement error. The sub-plot (a) of Figure 4 displays the histogram of measurement error standard deviations σ j . The standard deviations vary from 0.1 ∼ 46.8 km/s and the mean is 6.34. The distribution is obviously skewed.
If we ignore the measurement errors, the velocity data look quite normal. The data range from −289.00 to 300.20 and the mean is −1.41 and the median is −1.00. We applied the SIMEX method and the adjust DKE method to the data. The resulting estimated densities are shown in the sub-plot (b) of Figure  4 . The two corrected estimates are consistent to each other, but not to the naive estimate. The probability around zero is higher and a small bump is detected on the left side of the curves (where the velocity approximately equal to −250 km/s) by both corrected estimates. This cannot be clearly seen from the naive estimate. Astronomers are mostly interested in this substructure of galaxies and can conduct further studies, which could lead to new discoveries.
[ Figure 4 about here.]
Discussion
We presented a fast algorithm using SIMEX method to recover the unknown density when the data are contaminated with heteroscedastic errors and compared it with the Fourier-type method. The SIMEX estimate has advantages over the Fourier-type method in terms of ISE and computational efficiency and burden. We did not directly compare the SIMEX method with Bayesian method by Staudenmayer et al. [20] , because they discussed the their method under a different model setting where the observed data are the sample means of replicates contaminated with heteroscedastic errors. We note that the Bayesian method has the similar simulation performance as the adjust DKE method in terms of ISE criterion under the model model setting of [20] (See table 1 of their paper), and it is also computational intensive.
Although the Fourier method has many nice theoretical properties, the SIMEX method is an excellent alternative in real data analysis. It is easy to implement and computationally more efficient. For example. The SIMEX method can also be used in classification analysis of microarray data with measurement error. In such a case, applying Fourier-type method is slow because we are facing deconvolution problems with thousands of genes.
Appendix

Proof of Proposition 2.1:
By (8),
where Z ∼ N (0, 1). Hence under conditions (b) and (c),
Under the condition (a),f X,SIMEX (t) is thus asymptotically unbiased and consistent.
The asymptotic variance can be calculated from the extrapolation step. Indeed,ĝ * (t, λ) can be treated as a kernel estimator of g(t) with adaptive bandwidth σ j λ 1/2 as shown in (8) . Hence the asymptotic variance of this estimator is
by tracing the same arguments as those in (12), where U and V are independent standard normal random variables. When the measurement error variances are small, the above variance can be approximated by
whereσ U = 1 n n j=1 σ j is the average of the standard deviations, and σ H = n/ n j=1 1 σj is the harmonic average of the standard deviations. The harmonic average, from its definition, characterizes the underlying data in a way similar to their minimum. The approximation error of the above calculation is O(σ U n ). The covariance betweenĝ * (t, λ), when λ takes different values λ l and λ m , is
Therefore, by (10), the asymptotic variance of our SIMEX density estimator is
where Σ Λ be a s × s matrix with the lm th element equals
. We complete the proof.
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